We study the space Z p , 1 ^ p ^ oo, and its natural n-norm, which can be viewed as a generalisation of its usual norm. Using a derived norm equivalent to its usual norm, we show that V is complete with respect to its natural n-norm. In addition, we also prove a fixed point theorem for W as an n-normed space.
INTRODUCTION
Let n be a nonnegative integer and X be a real vector space of dimension d^ n (d may be infinite). A real-valued function ||-,..., -|| on X" satisfying the four properties (2) ||xi,...,x n || is invariant under permutation; (3) ||ccxi,Z2.---,x n || = |Qr|||xi 1 x 2l ...,a;n|| for any a € R; (4) ||x -I-x', x 2 , . . . , x n || ^ ||x, x 2 , . . . , x n || + ||x', x 2 , . . . , x n ||, is called an n-norm on X, and the pair (X, ||-,..., -||) is called an n-normed space.
For instance, any real inner product space (X, {-, •)) can be equipped with the standard n-norm which can be interpreted as the volume of the n-dimensional parallelepiped spanned by x i , . . . , x n in X. On R", this n-norm can be simplified to where x { = (x a ,..., x in ) € R n , i = l,...,n.
The theory of 2-normed spaces was first developed by Gahler [5] in the mid 1960's, while that of n-normed spaces was studied later by Misiak [21] . Related works on n-metric spaces and n-inner product spaces may be found in, for example, [2, 3, 4, 6, 7, 8 , 1 1 , 12] . 138 H. Gunawan [2] While various aspects of n-normed spaces have been studied extensively (see, for example, [15, 17, 19, 23, 24] ), there are not many concrete examples that have been studied in depth except the standard ones. Nonstandard examples can be found in, for example, [14, 20] .
In this note, we shall study the space V, 1 ^ p ^ oo, containing all sequences of real numbers x = (XJ) for which 52|£j| p < oo (or sup|ij| < oo when p = oo), and its natural
n-norm, which can be regarded as a generalisation of the usual norm ||x|| p := £) \xj\ p \ (or ||z||oo := sup \XJ\ when p = oo). j j Using a derived norm equivalent to its usual norm, we shall show that l p is complete with respect to its natural n-norm. In addition, we shall also prove a fixed point theorem for l p as an n-normed space (see, for example, [9, 15, 16, 18, 22, 25] for previous results in this direction). Throughout this note, we assume that p lies in the interval 1 ^ p ^ oo unless otherwise stated. All sequences in V are indexed by nonnegative integers.
For expository purposes, we shall first discuss l p and its natural 2-norm, and then generalise the results for all n ^ 2.
V AND ITS NATURAL 2-NORM
We already know that I
2
, being an inner product space with inner product (x, y) -, can be equipped with the standard 2-norm
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At the same time, we also have This looks like the usual norm on I 2 except that now we are taking the square root of half the sum of squares of determinants of 2 x 2 matrices. Here det Vi represents \ j the area of the projected parallelogram on the two dimensional subspace spanned by e, = (6ji) and e k = (<**,). Inspired by the above observation, let us define the following function ||-, -|| p on
As in [14] and [20] , define also ||-, •]]", on l°° x l°° by ||z,2/||oo:=supsup
(One might like to interpret the value of ||-, -\\ p in terms of the areas of the 'projected parallelograms' on the subspaces spanned by e,-and e k , for all j and k, and compare it to the standard case.) [ 
4]
The following fact tells us that ||-, -|| p makes sense. R E M A R K . Of course, for p = 2, we have a better inequality which is a special case of Hadamard's inequality (see [10, p. 202] ). For our purposes, however, the inequality in Fact 2.1 is good enough.
FACT 2 . 2 . The function \\-,-\\ P defines a 2-norm on V.
P R O O F : We need to check that ||-, -|| p satisfies the four properties of a 2-norm. First note that the 'if part of (1), (2) and (3) are obvious. To verify the 'only if part of (1), suppose that \\x,y\\ = 0. Then
for all j and A;, and so we conclude that x and y are linearly dependent.
It now remains to verify (4) . By a property of determinants and the triangle inequality for real numbers, we have det The 'if parts of Lemma 2.4 follow immediately from Fact 2.1. To prove the 'only if parts, we shall invoke a derived norm as previously done in [13] and [14] .
In general, given a 2-normed space (A", ||-, -||) of dimension ^ 2, we can choose an arbitrary linearly independent set {01,02} in X and, with respect to {ai,a 2 as in [20] .
Then we have the following facts, which are just generalisations of Facts 2.1 and 2.2 (and so we leave the proofs to the reader). Note that the factor n! appearing below is the number of terms in the expansion of det(xy t ). for every x 2 , • • • ,x n € X. If every Cauchy sequence in X converges to some x € X, then X is said to be complete with respect to the n-norm.
The following is a generalisation of Lemma 2.4. at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S0004972700019754 [8] As before, the 'if parts of Lemma 3.4 are obvious and the 'only if parts can be proved by using a derived norm, defined with respect to the set { a i , . . . , a n } , where The n-norms ||-,... : -|| P can be defined analogously on R d with d ^ n. However, they are all equivalent here and we already know what happens with the standard or finite-dimensional case in general (see [13] and [14] ).
As the reader will realise, our results also extend to i/(A') spaces, where X is a measure space with at least n disjoint subsets of positive measure. 
